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Abstract
We study Dirac spinors in Bianchi type-I cosmological models, within the
framework of torsional f(R)-gravity. We find four types of results: the re-
sulting dynamic behavior of the universe depends on the particular choice of
function f(R); some f(R) models do not isotropize and have no Einstein limit,
so that they have no physical significance, whereas for other f(R) models
isotropization and Einsteinization occur, and so they are physically accept-
able, suggesting that phenomenological arguments may select f(R) models
that are physically meaningful; the singularity problem can be avoided, due
to the presence of torsion; the general conservation laws holding for f(R)-
gravity with torsion ensure the preservation of the Hamiltonian constraint, so
proving that the initial value problem is well-formulated for these models.
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1 Introduction
The need to enlarge or revise General Relativity (GR) arises from some open prob-
lems in modern physics at both ultraviolet and infrared scales. For instance, at
astrophysical and cosmological scales the predictions of GR agree with observa-
tions only after the theoretical assumption regarding the existence of the so-called
dark matter and dark energy. But at fundamental level, up to now there are no
experimental evidences that such unknown forms of matter and energy really exist.
This fact together with other shortcomings of Einstein’s theory represents signals
of a possible breakdown in our understanding of gravity, and the opportunity of
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developing extended or alternative theories of gravity is to be seriously considered.
Actually, several extensions of GR have been formulated in the last thirty years;
among these, f(R)-gravity is one of the most direct and simplest: it consists in
relaxing the hypothesis that the gravitational Lagrangian be a linear function of
the Ricci scalar R, thus allowing a dependence on R more general than that of the
Einstein-Hilbert action. In the last years, f(R)-gravity has received great atten-
tion due to the fact that it seems to account for both cosmic speed-up and missing
matter at cosmological and astrophysical scales, respectively [1, 2, 3].
At the same time, another way to extend GR consists in considering torsion, includ-
ing it among the geometrical properties of space-time. Torsion was first introduced
in the geometrical background by Cartan; then Sciama and Kibble embodied it
into the framework of Einstein gravity following the idea that energy is the source
of curvature in the same way in which spin is the source of torsion. The resulting
Einstein-Cartan-Sciama-Kibble (ECSK) theory has been the first generalization of
GR trying to take the spin of elementary fields into account and it is still one of
the most serious attempts in this direction [4, 5].
According to this line of thinking, f(R)-gravity with torsion represents one of
the simplest extensions of the ECSK theory, just as purely metric f(R)-gravity is
with respect to GR. Indeed, the basic idea is again that of replacing the Einstein-
Hilbert Lagrangian with a non-linear function. An important consequence of the
non-linearity of the gravitational Lagrangian is that we have non-vanishing torsion
even without spin, as long as the stress-energy trace is not constant [6, 7, 8, 9]. It
is known that torsion may give rise to singularity-free and accelerated cosmologi-
cal models [10]; just arising from the non-linearity of the gravitational Lagrangian
function f(R), a propagating torsion could amplify this effect and this point cer-
tainly deserves further attention.
Besides, in a recent paper [11] we have studied in detail f(R)-gravity with torsion
in presence of Dirac fields, in order to better exploit the coupling between torsion
and spin within the framework of f(R)-theories.
In the present work we explore possible cosmological applications of the theory
proposed in [11]. More precisely, we study Dirac fields in Bianchi type-I (BI) f(R)-
cosmological models. BI is the simplest anisotropic space-time that generalizes the
spatially flat Friedmann-Lema¨ıtre-Robertson-Walker (FLRW) universe. The dif-
ference with respect to the FLRW flat model is that in a BI universe the scale
factors of spatial directions can differ from each other, thus yielding anisotropy.
Though FLRW models provide very accurate descriptions of the universe observed
today, the latter could have undergone an anisotropic phase in its early epoch;
for instance, the detected anisotropies in the cosmic microwave background could
represent evidences in this direction. On the other hand, non trivial Dirac fields
are seen to generate spin-torsion which is incompatible with spatial isotropy [12]:
when dealing with Dirac fields in presence of torsion, anisotropic models are then
a forced choice. Of course, for consistency with the observed data at present day,
the initial anisotropic phase have to undergo a subsequent isotropization process
as the Dirac fields energy and spin decrease and universe expands. This dynamical
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behavior can represent a selection rule for viable functions f(R).
The layout of the paper is the following. In Sections 2, we review some gener-
alities about f(R)-gravity with torsion in presence of Dirac fields. In Section 3,
we introduce BI cosmological models in torsional f(R)-gravity still in presence of
Dirac fields and, for completeness, perfect fluid. Following the line traced in pre-
vious papers [13, 14, 15], we derive a solution of the generalized Dirac equations,
holding independently of the assumed model f(R); we integrate the Einstein-like
equations in the simplest case f(R) = R and discuss an approximate solution for
f(R) = R+αR2. Section 4 is devoted to discuss the field equations in the Einstein
frame; we show that, through a conformal transformation from the Jordan to the
Einstein frame, we can put the Einstein-like equations in a quadratically integrable
form; this result turns out to be useful for a qualitative analysis of the solutions
or numerical integration even when explicit calculations for analytical integration
are difficult; two examples are given. Finally, in Section 5, we face a crucial as-
pect in dealing with Einstein-like equations, namely the preservation in time of
the Hamiltonian constraint (momentum constraints are here trivial identities); in
GR this result is generally ensured by the Bianchi identities and the matter field
equations, but here it is not a priori expected and it has to be proved; anyway, by
working out the general conservation laws proved in [11], we show that classical
results by Bruhat [16] apply also in the present case, thus ensuring the required
time-preservation of the Hamiltonian constraint.
2 Dirac fields in f(R)-gravity with torsion
In previous papers [6, 7, 9, 17], f(R)-gravity with torsion has been formulated
within both the metric-affine and the tetrad-affine framework. According to the
basic paradigm of f(R)-gravity, the gravitational Lagrangian of the theory is as-
sumed to be a real function f(R), where R is here the Ricci curvature scalar
written in terms of a metric g and a g-compatible connection Γ, or equivalently a
tetrad field e and a spin-connection ω. The pairs (g,Γ) and (e, ω) represent the
gravitational dynamical fields of the theory in the metric-affine and tetrad-affine
approaches respectively. The field equations turn out to be
f ′(R)Rij − 1
2
f(R)gij = Σij (2.1a)
T hij =
1
f ′(R)
[
1
2
(
∂f ′(R)
∂xp
+ S qpq
)(
δpj δ
h
i − δpi δhj
)
+ S hij
]
(2.1b)
where Rij and T
h
ij are the Ricci and Torsion tensors, while Σij and S
h
ij are the
stress-energy and spin density tensors of the matter fields. From (2.1b), it is seen
that we can have non-vanishing torsion even in absence of spin density.
Making use of the Bianchi identities, it is possible to derive the conservation laws
∇iΣij + TiΣij − ΣpiT jpi − 1
2
SstiR
stij = 0 (2.2a)
3
∇hSijh + ThSijh + Σij − Σji = 0 (2.2b)
under which the stress-energy and spin density tensors of the matter fields must
undergo once the matter field equations are assigned [11]. In equations (2.2) the
symbols ∇i denote covariant derivative with respect to the dynamical connection
Γ while Rstij is the curvature tensor of Γ. Indices are lowered and raised by the
metric gij .
In this paper we deal with f(R)-gravity coupled with Dirac fields and possibly a
perfect fluid (without spin). Denoting by γµ (µ = 0, 1, 2, 3) Dirac matrices, we
introduce the notation Γi = eiµγ
µ where eµi (e
µ
i e
i
ν = δ
µ
ν and eiµe
µ
j = δ
i
j) indicate a
tetrad field associated with a metric gij . Moreover, setting Sµν :=
1
8 [γµ, γν ], we
denote the covariant derivative of the Dirac field ψ by Diψ =
∂ψ
∂xi
+ω µνi Sµνψ and
Diψ¯ =
∂ψ¯
∂xi
− ψ¯ω µνi Sµν , where ω µνi is a spin connection. Equivalently, we can put
Diψ =
∂ψ
∂xi
− Ωiψ and Diψ¯ = ∂ψ¯∂xi + ψ¯Ωi where
Ωi := −1
4
gjh
(
Γ jik − ejµ∂ieµk
)
ΓhΓk (2.3)
Γ jik being the coefficients of a linear connection Γ. The relation between linear
and spin connection is given by
Γ hij = ω
µ
i νe
h
µe
ν
j + e
h
µ∂ie
µ
j (2.4)
The stress-energy tensors of the matter fields are then described as
ΣDij :=
i
4
(
ψ¯ΓiDjψ −Djψ¯Γiψ
)
(2.5a)
and
ΣFij := (ρ+ p)UiUj − pgij (2.5b)
while the spin density tensor is expressed as
S hij =
i
2
ψ¯
{
Γh, Sij
}
ψ ≡ −1
4
ηµσσνλτ
(
ψ¯γ5γ
τψ
)
ehµe
ν
i e
λ
j (2.5c)
In equations (2.5), ρ, p and Ui denote respectively the matter-energy density,
the pressure and the four velocity of the fluid, Sij :=
1
8 [Γi,Γj ] and η
µσ is the
Minkowskian metric with signature (1,−1,−1,−1).
Following previous works [6, 7, 8, 9, 11], we suppose that the trace of equations
(2.1a)
f ′(R)R− 2f(R) = Σ (2.6)
gives rise to an invertible relation between the Ricci scalar curvature R and the
trace Σ of the stress-energy tensor. Also, we assume that f(R) 6= kR2 (the case
f(R) = kR2 is only compatible with the condition Σ = 0). Under the assumed
conditions, from equation (2.6) it is possible to derive the expression of R as
function of Σ, namely R = F (Σ). After that, introducing the scalar field
ϕ := f ′(F (Σ)) (2.7)
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and the effective potential
V (ϕ) :=
1
4
[
ϕF−1((f ′)−1(ϕ)) + ϕ2(f ′)−1(ϕ)
]
(2.8)
as well as separating the Levi–Civita contributions from the torsional ones, we can
express the field equations (2.1a) in the Einstein-like form
R˜ij − 1
2
R˜gij =
1
ϕ
ΣFij +
1
ϕ
ΣDij +
1
ϕ2
(
−3
2
∂ϕ
∂xi
∂ϕ
∂xj
+ ϕ∇˜j ∂ϕ
∂xi
+
3
4
∂ϕ
∂xh
∂ϕ
∂xk
ghkgij
−ϕ∇˜h ∂ϕ
∂xh
gij − V (ϕ)gij
)
+ ∇˜hSˆ hji + Sˆ phi Sˆ hjp −
1
2
Sˆ phq Sˆ
q h
p gij
(2.9)
where R˜ij , R˜ and ∇˜i denote respectively the Ricci tensor, the Ricci scalar curvature
and the covariant derivative of the Levi–Civita connection, and Sˆ hij := − 12ϕS hij .
In addition to this, the generalized Dirac equations for the spinor field are
iΓhDhψ +
i
2
ThΓ
hψ −mψ = 0 (2.10)
where Th := T
j
hj is the torsion vector. As it has been proved in [11], equations
(2.10) imply automatically the validity of the conservation laws
∇iΣDij + TiΣDij − ΣDpiT jpi −
1
2
SstiR
stij = 0 (2.11a)
∇hSijh + ThSijh + ΣDij − ΣDji = 0 (2.11b)
Moreover, still in [11], it has been shown that equations (2.11b) are equivalent to
the antisymmetric part of the Einstein-like equations (2.9). From this, we get two
results: on one hand, we have that the significant part of the Einstein-like field
equations (2.9) is the symmetric one; on the other hand, comparing equations
(2.11a) with equations (2.2a), we derive the conservation law for the perfect fluid.
Indeed, introducing the contorsion tensor
K hij =
1
2
(
−T hij + T hj i − T hij
)
(2.12)
and expressing the dynamical connection as the sum
Γ hij = Γ˜
h
ij −K hij (2.13)
where Γ˜ hij are the coefficients of the Levi–Civita connection, a direct comparison
between equations (2.11a) with equations (2.2a) yields the identity
∇iΣFij + TiΣFij − ΣFpiT jpi = ∇˜iΣFij −K iih ΣFhj −K jih ΣFih
+ThΣ
Fhj − T jihΣFih = ∇˜iΣFij = 0
(2.14)
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which is the same conservation laws holding in general relativity.
To conclude this preliminary section, we notice that the symmetrized part of the
Einstein-like equations (2.9) as well as the Dirac equations (2.10) can be worked
out as in [11] assuming the final form
R˜ij − 1
2
R˜gij =
1
ϕ
ΣFij +
1
ϕ
Σ˜Dij +
1
ϕ2
(
−3
2
∂ϕ
∂xi
∂ϕ
∂xj
+ ϕ∇˜j ∂ϕ
∂xi
+
3
4
∂ϕ
∂xh
∂ϕ
∂xk
ghkgij
−ϕ∇˜h ∂ϕ
∂xh
gij − V (ϕ)gij
)
+
3
64ϕ2
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)gij
(2.15)
and
iΓhD˜hψ − 1
ϕ
3
16
[
(ψ¯ψ) + i(iψ¯γ5ψ)γ5
]
ψ −mψ = 0 (2.16)
where
Σ˜Dij :=
i
4
[
ψ¯Γ(iD˜j)ψ −
(
D˜(jψ¯
)
Γi)ψ
]
(2.17)
D˜i denoting covariant derivative with respect to the Levi–Civita connection.
3 Bianchi-I cosmological models
Let us consider a Bianchi type I metric of the form
ds2 = dt2 − a2(t) dx2 − b2(t) dy2 − c2(t) dz2 (3.1)
The tetrad field associated with the metric (3.1) is given by
eµ0 = δ
µ
0 , e
µ
1 = a(t)δ
µ
1 , e
µ
2 = b(t)δ
µ
2 , e
µ
3 = c(t)δ
µ
3 µ = 0, 1, 2, 3 (3.2)
The inverse relations of (3.3) are expressed as
e0µ = δ
0
µ, e
1
µ =
1
a(t)
δ1µ, e
2
µ =
1
b(t)
δ2µ, e
3
µ =
1
c(t)
δ3µ µ = 0, 1, 2, 3 (3.3)
The non-trivial Christoffel symbols associated to the metric (3.1) are
Γ˜ 110 =
a˙
a
, Γ˜ 220 =
b˙
b
, Γ˜ 330 =
c˙
c
Γ˜ 011 = aa˙, Γ˜
0
22 = bb˙, Γ˜
0
33 = cc˙
(3.4)
In this case, the matrices Γi = eiµγ
µ assume the explicit form
Γ0 = γ0, Γ1 =
1
a(t)
γ1, Γ2 =
1
b(t)
γ2, Γ3 =
1
c(t)
γ3 (3.5)
The spinorial covariant derivative induced by the Levi–Civita connection is
D˜iψ = ∂iψ − Ω˜iψ, D˜iψ¯ = ∂iψ¯ + ψ¯Ω˜i (3.6)
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where the spinor connection coefficients Ω˜i are given by
Ω˜0 = 0, Ω˜1 =
1
2
a˙γ1γ0, Ω˜2 =
1
2
b˙γ2γ0, Ω˜3 =
1
2
c˙γ3γ0 (3.7)
Taking equations (3.6) and (3.7) into account, it is easily seen that the Dirac
equations (2.16) assume the form
ψ˙ +
τ˙
2τ
ψ + imγ0ψ − 3i
16ϕ
[
(ψ¯ψ)γ0 + i(iψ¯γ5ψ)γ0γ5
]
ψ = 0 (3.8a)
˙¯ψ +
τ˙
2τ
ψ¯ − imψ¯γ0 + 3i
16ϕ
ψ¯
[
(ψ¯ψ)γ0 + i(iψ¯γ5ψ)γ5γ0
]
= 0 (3.8b)
where, borrowing from [13, 15], we have defined τ := abc. Analogously, evaluating
the Einstein-like equations (2.15) for the metric (3.1), we get
a˙
a
b˙
b
+
b˙
b
c˙
c
+
a˙
a
c˙
c
=
ρ
ϕ
+
1
2ϕ
mψ¯ψ − 3
64ϕ2
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)+
+
1
ϕ2
[
−3
4
ϕ˙2 − ϕϕ˙ τ˙
τ
− V (ϕ)
] (3.9a)
b¨
b
+
c¨
c
+
b˙
b
c˙
c
= − p
ϕ
+
1
ϕ2
[
ϕϕ˙
a˙
a
+
3
4
ϕ˙2 − ϕ
(
ϕ¨+
τ˙
τ
ϕ˙
)
− V (ϕ)
]
+
+
3
64ϕ2
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)
(3.9b)
a¨
a
+
c¨
c
+
a˙
a
c˙
c
= − p
ϕ
+
1
ϕ2
[
ϕϕ˙
b˙
b
+
3
4
ϕ˙2 − ϕ
(
ϕ¨+
τ˙
τ
ϕ˙
)
− V (ϕ)
]
+
+
3
64ϕ2
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)
(3.9c)
a¨
a
+
b¨
b
+
a˙
a
b˙
b
= − p
ϕ
+
1
ϕ2
[
ϕϕ˙
c˙
c
+
3
4
ϕ˙2 − ϕ
(
ϕ¨+
τ˙
τ
ϕ˙
)
− V (ϕ)
]
+
+
3
64ϕ2
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)
(3.9d)
together with the conditions
Σ˜D12 = 0 ⇒ ab˙− ba˙ = 0 ∪ ψ¯γ5γ3ψ = 0 (3.10a)
Σ˜D23 = 0 ⇒ cb˙− bc˙ = 0 ∪ ψ¯γ5γ1ψ = 0 (3.10b)
Σ˜D13 = 0 ⇒ ac˙− ca˙ = 0 ∪ ψ¯γ5γ2ψ = 0 (3.10c)
The equations Σ˜D0A = 0 (A = 1, 2, 3) are automatically satisfied identities. Finally,
the conservation law (2.14) together with an equation of state of the kind p = λρ
(λ ∈ [0, 1[) yield the last equation
ρ˙+
τ˙
τ
(1 + λ)ρ = 0 (3.11)
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which completes the whole set of field equations. The general solution of (3.11) is
given by
ρ = ρ0τ
−(1+λ) ρ0 = constant (3.12)
Conditions (3.10) are constraints imposed on the metric or on the Dirac field.
We see that there are in general three ways of satisfying these conditions: one is
to impose constraints of purely geometrical origin by insisting that ab˙ − ba˙ = 0,
ac˙ − ca˙ = 0, cb˙ − bc˙ = 0 giving an isotropic universe filled with fermionic matter
fields, which is problematic due to the fact that it is known that Dirac fields do not
undergo the cosmological principle [12]; another is to impose constraints of purely
material origin by insisting that ψ¯γ5γ1ψ = 0, ψ¯γ5γ2ψ = 0, ψ¯γ5γ3ψ = 0 giving an
anisotropic universe without fermionic torsional interactions, which we regard as
unsatisfactory because if Dirac fields are absent then it is not clear what may then
justify anisotropies; the last situation would be of both geometrical and material
origin by insisting that for instance ab˙ − ba˙ = 0 with ψ¯γ5γ1ψ = 0, ψ¯γ5γ2ψ = 0
giving a partial isotropy for only two axes with the corresponding two components
of the spin vector vanishing, describing a universe shaped as an ellipsoid of rotation
about the only axis along which the spin vector does not vanish. Notice that by
insisting on the proportionality between two couples of axes we inevitably get the
total isotropy of the 3-dimensional space. Therefore, the situation in which we
have a = b with ψ¯γ5γ1ψ = ψ¯γ5γ2ψ = 0 is the only one that we believe to be
entirely satisfactory, and from now on we shall work in this situation.
Here, the Dirac and Einstein-like equations (3.8) and (3.9) can be worked out as
in [13, 15]: for instance, through suitable combinations of (3.9) we obtain the
equations
d
dt
(ψ†ψτ) = 0 (3.13a)
d
dt
(ψ¯ψτ)− 3
8ϕ
(iψ¯γ5ψ)(ψ†γ5ψτ) = 0 (3.13b)
d
dt
(iψ¯γ5ψτ) +
[
2m+
3
8ϕ
(ψ¯ψ)
]
(ψ†γ5ψτ) = 0 (3.13c)
d
dt
(ψ†γ5ψτ)− 2m(iψ¯γ5ψτ) = 0 (3.13d)
From equations (3.13) it is easy to deduce that
(ψ¯γ5γ3ψ)2 = (ψ¯ψ)2 + (iψ¯γ5ψ)2 + (ψ¯γ5γ0ψ)2 =
C2
τ2
(3.14a)
(ψ†ψ)2 =
K2
τ2
(3.14b)
with C and K constants. We notice that in this special case the theory has an
additional discrete symmetry given by the fact that under the discrete transforma-
tion ψ → γ5γ0γ1ψ all field equations are invariant; this implies that in the Dirac
8
equation the total number of 4 components is in this case reduced to 2 components
alone; however 2 components with complex values are equivalent to 4 components
of real values: so the 4 equations for real fields given in (3.13) are the system of
field equations we will have to solve. The compatibility with all constraints allows
only three classes of spinors, each of which has a general member written in the
following form
ψ = 1√
2τ

√
K − C cos ζ1eiθ1√
K + C cos ζ2e
iϑ1√
K − C sin ζ1eiϑ2√
K + C sin ζ2e
iθ2

with constraints tan ζ1 tan ζ2 = (−1)n+1 and θ1 + θ2 − ϑ1 − ϑ2 = pin for any n
integer, and also
ψ = 1√
2τ

√
K − C cos ζ1eiθ1
0
0√
K + C sin ζ2e
iθ2
 (3.15)
and
ψ = 1√
2τ

0√
K + C cos ζ1e
iϑ1√
K − C sin ζ2eiϑ2
0
 (3.16)
where all angular functions ζ1, ζ2 and θ1, θ2, ϑ1, ϑ2 have only temporal dependence,
that has to be determined by plugging the spinor back into the Dirac equations.
For the gravitational field, borrowing again from [15], we subtract equation (3.9b)
from equation (3.9d) obtaining
ϕτ
d
dt
(
a˙
a
− c˙
c
)
+ ϕτ˙
(
a˙
a
− c˙
c
)
+ ϕ˙τ
(
a˙
a
− c˙
c
)
= 0 (3.17)
from which we derive
a
c
= De
(
X
∫
dt
ϕτ
)
(3.18)
D and X being suitable constants, which gives the evolution equation for the
ratio of the two axes that are not constantly proportional, and therefore it can be
considered as the evolution equation for the shape of the universe; also, multiplying
(3.9a) by 3 and adding the result to the summation of equations (3.9b), (3.9c) and
(3.9d), we get the final equation for τ
2
τ¨
τ
+ 3
ϕ¨
ϕ
= 3
ρ
ϕ
− 3 p
ϕ
+
3
2ϕ
mψ¯ψ − 5 τ˙
τ
ϕ˙
ϕ
− 6
ϕ2
V (ϕ) (3.19)
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which can be considered as the evolution equation of the volume of the universe.
Here, it is worth noticing that equation (3.9a) plays the role of a constraint on
the initial data: thus for consistency we have to check that, if satisfied initially,
this constraint is preserved in time. To see this point, we first observe that the
Einstein-like equations (2.15), and thus also (3.9), can be written in the equivalent
form
R˜ij = T˜ij − 1
2
T˜ gij (3.20)
where
T˜ij :=
1
ϕ
ΣFij +
1
ϕ
Σ˜Dij +
1
ϕ2
(
−3
2
∂ϕ
∂xi
∂ϕ
∂xj
+ ϕ∇˜j ∂ϕ
∂xi
+
3
4
∂ϕ
∂xh
∂ϕ
∂xk
ghkgij
−ϕ∇˜h ∂ϕ
∂xh
gij − V (ϕ)gij
)
+
3
64ϕ2
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)gij
(3.21)
denotes the effective stress-energy tensor appearing on the right hand side of equa-
tions (2.15), while T˜ is its trace. It is then a straightforward matter to verify that
equations (3.17) and (3.19) can be equivalently obtained by suitably combining the
space-space equations of the set (3.20); more in detail, equation (3.17) is obtained
by subtracting each to other the two distinct space-space equations of (3.20), while
equation (3.19) is obtained adding together all the space-space equations of (3.20).
As a consequence, we have that solving equations (3.17) and (3.19) amounts to
solve all the space-space equations of the set (3.20). In addition to this, as it is
proved in Section 5, the conservation laws (2.2) automatically imply the vanishing
of the four-divergence of the Einstein-like equations (2.15). The two just mentioned
facts allow to apply to the present case a result by Bruhat (see [16], Theorem 4.1,
pag. 150) which ensures that the constraint (3.9a) is actually satisfied for all time.
Examples: f(R) ≡ R and f(R) ≡ R+ δαR2 models. In the following, we will
consider the situation given by f(R) ≡ R+δαR2 as a correction in δα with respect
to the f(R) ≡ R case, and we are going to take solutions for the Einstein-like field
equations that are corrections in δα of the exact solutions of the Einstein field
equations: thus the first step is to find the exact solutions of the f(R) ≡ R case.
To this extent, consider for simplicity the simplest case without fluid. Then, we
choose for the Dirac field the solution in the form given as in (3.16) by
ψ = 1√
2τ

0√
K + Cei(−mt−
3C
16
∫
dt
τ )√
K − Ce−i(−mt− 3C16
∫
dt
τ )
0
 (3.22)
with constraints ψ¯ψ = Cτ , ψ
†ψ = Kτ and ψ
†γ5ψ = 0, iψ¯γ5ψ = 0, and with
the solution defined up to a global unitary phase which is then irrelevant: this
solution albeit simple is nevertheless not trivial, and it will actually lead to a
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correspondingly simple form of the gravitational evolution equations for the shape
and volume of the universe as
a
c
= De(X
∫
1
τ
dt) (3.23)
and also
τ¨ − 3mC
4
= 0 (3.24)
in terms of the constants m, C, X, D alone. As it is clear, it is possible to integrate
the equation (3.24) to give the evolution of the volume of the universe as
τ =
3mC
8
(b+ 2βt+ t2) (3.25)
where b is the integration constant that contains the information about the initial
volume of the universe, which has to be positive thus giving rise to a initial state
without singularity, and β is the integration constant that contains the information
about the initial velocity of expansion of the universe; then by recalling that τ =
a2c we can use equation (3.23) to obtain the evolution of the shape of the universe
as in the following
a
c
= D
(
t+ β +
√
β2 − b
t+ β −
√
β2 − b
)− 8X
6mC
√
β2−b
(3.26)
in which we see that for t that tends to infinity the two factors tend to become
constantly proportional, giving isotropization: by setting then D = 1 and choosing
for simplicity 8X = −3mC
√
β2 − b the evolution of the single factors can be given
as in the following
a =
3
√
3mC
8
(
t+ β −
√
β2 − b
)− 1
3 (
b+ 2βt+ t2
) 1
2 (3.27a)
c =
3
√
3mC
8
(
t+ β −
√
β2 − b
) 2
3
(3.27b)
with constraint given by 3m2(β2−b) = 1 for consistency with the fact that the time-
time gravitational field equation is not actually a field equation but a constraint.
Finally the spinor evolves as
ψ = 2√
3m(b+2βt+t2)

0√(
K
C + 1
)
e
i
(
−mt+
√
3
16
ln
(
m
√
3(t+β)+1
m
√
3(t+β)−1
))
√(
K
C − 1
)
e
−i
(
−mt+
√
3
16
ln
(
m
√
3(t+β)+1
m
√
3(t+β)−1
))
0
 (3.28)
with the spinor bilinears diluting as the inverse of the volume, correspondingly to
the fact that they represent densities. By reading this solution we have that: at
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the first instant of the evolution the universe has no singularities as it occupies
a finite volume and it is shaped as a disc whose shorter axis is along the third
coordinate described by the c factor, and it is filled with spinor fields with torsional
interactions responsible for the anisotropy of the universe; as the time goes by the
spinor field dilutes down, allowing isotropization of the universe without relenting
its expansion; eventually for very late epochs the scale factors have the t
2
3 scaling
we know for the standard FLRW cosmic evolution.
Now that we have the exact solutions of the f(R) ≡ R case, we can employ them
as the basis upon which to build the correction in δα for the more general solutions
of the f(R) ≡ R+ δαR2.
The form of the Dirac field will be unchanged: its form is going to give rise to a
correspondingly simple form of the ϕ function given by
ϕ ≡ 1− δαmC
τ
(3.29)
with potential
V (ϕ) ≡ δαm
2C2
8τ2
(3.30)
and the gravitational evolution equation for the volume of the universe is(
τ¨ − 3mC
4
)
− δαmC
2
(
τ˙2
τ2
− τ¨
τ
− 3mC
4τ
)
= 0 (3.31)
up to higher-order powers of δα. As before, it is possible to integrate it to give the
evolution of the volume of the universe as
τ = 3mC8 (b+2βt+t
2) + δαmC2
(
ς(ξ+t)+m
√
3 (β+t) ln
(
m
√
3(t+β)+1
m
√
3(t+β)−1
))
(3.32)
where ς and ξ are two new integration constants for which the initial volume of the
universe is now different, but of course there is still no singularity: again these two
new integration constants are linked by a relationship coming from the fact that
the time-time gravitational field equation is a constraint. We remark that at later
cosmological times in the evolution of the universe we still have isotropization, but
more in general we have that this solution tends to be approximated to the same
we would have had in the Einstein theory in what could be called Einsteinization.
4 From the Jordan to the Einstein frame
In this section we shall show that, by passing from the Jordan (gij) to the Einstein
frame (g¯ij) through a conformal transformation of the kind g¯ij = ϕgij (if ϕ > 0)
or g¯ij = −ϕgij (if ϕ < 0), it is possible to quadratically integrate the Einstein-like
equations (3.9) also in the general case f(R) 6= R.
To start with, supposing for simplicity ϕ > 0, we note that the relations between
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the components of the tetrad fields associated with the metric tensors g¯ij and gij
are expressed as
e¯µi =
√
ϕeµi , e¯
i
µ =
1√
ϕ
eiµ (4.1)
while the relation between the Levi–Civita connections induced by the two different
frames is given by
Γ¯ hij = Γ˜
h
ij +
1
2ϕ
∂ϕ
∂xj
δhi −
1
2ϕ
∂ϕ
∂xp
gphgij +
1
2ϕ
∂ϕ
∂xi
δhj . (4.2)
Moreover, we have also the identities
Γh = ehµγ
µ =
√
ϕe¯hµγ
µ =
√
ϕΓ¯h, Γh =
1√
ϕ
Γ¯h (4.3)
between the matrices Γ and Γ¯ associated with the tetrads e and e¯ respectively.
Our aim is now to express the Dirac and Einstein-like equations in terms of the
conformally transformed metric g¯ij and its tetrad field e¯
µ
i . The covariant deriva-
tives of the spinor fields are defined as in (3.6); in order to correctly evaluate them
in the Einstein frame, we need to express the coefficients Ω˜i using the metric g¯ij
and its related quantities. With respect to this point, taking equations (2.3), (4.1),
(4.2) and (4.3) as well as the identity
− ejµ∂ieµk = −e¯jµ∂ie¯µk +
1
2ϕ
∂iϕδ
j
k (4.4)
into account, we get the representation
Ω˜i = −1
4
g¯jh
(
Γ¯ jik − e¯jµ∂ie¯µk −
1
2ϕ
∂kϕδ
j
i +
1
2ϕ
∂pϕg¯
pj g¯ik
)
Γ¯hΓ¯k (4.5)
Now, supposing that the metric g¯ij is of the Bianchi type-I form (the metric gij is
then of the Bianchi type-I only up to a time reparametrization dt¯ = 1√ϕdt)
ds2 = dt2 − a¯2(t) dx2 − b¯2 (t)dy2 − c¯2(t) dz2 (4.6)
the quantities (4.5) assume the explicit expression
Ω˜0 = 0, Ω˜1 =
1
2
˙¯aγ1γ0 − ϕ˙
4ϕ
a¯γ1γ0 := Ω¯1 − ϕ˙
4ϕ
a¯γ1γ0,
Ω˜2 =
1
2
˙¯bγ2γ0 − ϕ˙
4ϕ
b¯γ2γ0 := Ω¯2 − ϕ˙
4ϕ
b¯γ2γ0,
Ω˜3 =
1
2
˙¯cγ3γ0 − ϕ˙
4ϕ
c¯γ3γ0 := Ω¯3 − ϕ˙
4ϕ
c¯γ3γ0
(4.7)
Inserting equations (4.3) and (4.7) into equations (2.16), we obtain the following
representation of the Dirac equations
ψ˙ +
˙¯τ
2τ¯
ψ − 3ϕ˙
4ϕ
ψ +
im√
ϕ
γ0ψ +
3i
16ϕ
√
ϕ
[
(ψ¯ψ)γ0 + i(iψ¯γ5ψ)γ0γ5
]
ψ = 0 (4.8a)
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˙¯ψ +
˙¯τ
2τ¯
ψ¯ − 3ϕ˙
4ϕ
ψ¯ − im√
ϕ
ψ¯γ0 − 3i
16ϕ
√
ϕ
ψ¯
[
(ψ¯ψ)γ0 + i(iψ¯γ5ψ)γ5γ0
]
= 0 (4.8b)
where we have defined τ¯ := a¯b¯c¯. Proceeding as in the Jordan frame, from equations
(4.8) we derive the differential equations
d
dt
[τ¯Θ(ψ¯ψ)] +
3
8ϕ
τ¯(iψ¯γ5ψ)(ψ¯γ5γ0ψ) = 0 (4.9a)
d
dt
[τ¯Θ(iψ¯γ5ψ)]− 2mτ¯Θ√
ϕ
(ψ¯γ5γ0ψ)− 3
8ϕ
τ¯(ψ¯ψ)(ψ¯γ5γ0ψ) = 0 (4.9b)
d
dt
[τ¯Θ(ψ¯γ5γ0ψ)] +
2mτ¯Θ√
ϕ
(iψ¯γ5ψ) = 0 (4.9c)
where Θ := ϕ−
3
2 . Finally, equations (4.9) yield the relation (analogous of equation
(3.14))
(ψ¯ψ)2 + (iψ¯γ5ψ)2 + (ψ¯γ5γ0ψ)2 =
C2
τ¯2Θ2
(4.10)
C being a constant.
Now, we deal with the Einstein-like equations (2.15). As it has been shown in
[6, 9, 19, 20, 21], equations (2.15) can be expressed in terms of the metric g¯ij ,
assuming the form
R¯ij − 1
2
R¯g¯ij =
1
ϕ
Σ˜Dij +
1
ϕ
ΣFij −
1
ϕ3
V (ϕ)g¯ij +
3
64ϕ3
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)g¯ij (4.11)
where R¯ij and R¯ denote the Ricci tensor and the Ricci scalar curvature induced
by the metric g¯ij . Of course, also the tensors Σ˜
D
ij and Σ
F
ij have to be represented
making use of the metric g¯ij and the associated tetrad e¯
µ
i . In this regard, we have
ΣFij :=
1
ϕ
(ρ+ p)U¯iU¯j − p
ϕ
g¯ij (4.12)
with U¯iU¯j g¯
ij = 1. Concerning the tensor Σ˜Dij , from a direct calculation we obtain
the identities
Σ˜D00 =
1
2ϕ
[
mψ¯ψ − 3
16ϕ
(ψ¯γ5γ
νψ)(ψ¯γ5γνψ)
]
, Σ˜DAA = 0 A = 1, 2, 3 (4.13)
while, due to equations (4.11), the vanishing of the non diagonal part of Σ˜Dij gives
rise to constraints analogous to those existing in the Jordan frame, namely
Σ˜D12 = 0 ⇒ a¯ ˙¯b− b¯ ˙¯a = 0 ∪ ψ¯γ5γ3ψ = 0 (4.14a)
Σ˜D23 = 0 ⇒ c¯ ˙¯b− b¯ ˙¯c = 0 ∪ ψ¯γ5γ1ψ = 0 (4.14b)
Σ˜D13 = 0 ⇒ a¯ ˙¯c− c¯ ˙¯a = 0 ∪ ψ¯γ5γ2ψ = 0 (4.14c)
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As in the Jordan frame, it is also seen that Σ˜D0A = 0 (A = 1, 2, 3) are trivial
identities, yielding no restrictions.
Collecting all the obtained results, we conclude that in the Einstein frame (4.6)
the Einstein-like equations (2.15) are expressed as
˙¯a
a¯
˙¯b
b¯
+
˙¯b
b¯
˙¯c
c¯
+
˙¯a
a¯
˙¯c
c¯
=
ρ
ϕ2
+
1
2ϕ2
mψ¯ψ − 3
64ϕ3
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)− 1
ϕ3
V (ϕ) (4.15a)
¨¯b
b¯
+
¨¯c
c¯
+
˙¯b
b¯
˙¯c
c¯
= − p
ϕ2
− 1
ϕ3
V (ϕ) +
3
64ϕ3
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ) (4.15b)
¨¯a
a¯
+
¨¯c
c¯
+
˙¯a
a¯
˙¯c
c¯
= − p
ϕ2
− 1
ϕ3
V (ϕ) +
3
64ϕ3
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ) (4.15c)
¨¯a
a¯
+
¨¯b
b¯
+
˙¯a
a¯
˙¯b
b¯
= − p
ϕ2
− 1
ϕ3
V (ϕ) +
3
64ϕ3
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ) (4.15d)
together with the constraints (4.14). Again, the only significant case is when
two components among a¯(t), b¯(t) and c¯(t) are equal. For instance, we suppose
a¯(t) = b¯(t) and thus ψ¯γ5γ1ψ = ψ¯γ5γ2ψ = 0. We can now proceed as in the Jordan
frame (see section 3), so obtaining from equations (4.15) the relations
a¯
c¯
= D1 exp
(
X1
∫
1
τ¯
dt
)
(4.16)
2
¨¯τ
τ¯
= 3
ρ
ϕ2
− 3 p
ϕ2
+
3
2ϕ2
mψ¯ψ − 6
ϕ3
V (ϕ) (4.17)
The last equations we have to express in terms of the metric g¯ij are those concerning
the conservation law for the perfect fluid
∇˜iΣijF = 0 (4.18)
with
ΣijF = ϕ(ρ+ p)U¯
iU¯ j − ϕpg¯ij (4.19)
Taking equations (4.2) and (4.6) into account, it is easily seen that equations (4.18)
and (4.19) reduce to
ρ˙
ρ
+ (1 + λ)
˙¯τ
τ¯
− 3
2
ϕ˙
ϕ
(1 + λ) = 0 (4.20)
Setting Θ := ϕ−
3
2 , one has −32 ϕ˙ϕ = Θ˙Θ and we can integrate equation (4.20) as
ρ = ρ0(τ¯Θ)
−(1+λ) ρ0 = constant (4.21)
At this point, we notice that if we could express the quantities ρ, ψ¯ψ e ϕ (or,
equivalently, Θ = ϕ−
3
2 ) as functions of τ¯ and insert the so obtained results into
equation (4.17), we would get a final equation for τ¯ of the kind
¨¯τ = f(τ¯) (4.22)
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which is quadratically integrable. On the other hand, there exists a special though
not too restrictive case for which the above mentioned conditions are satisfied.
Indeed, setting iψ¯γ5ψ = ψ¯γ5γ0ψ = 0 in (4.10), we obtain
ψ¯ψ =
C
τ¯Θ
(4.23)
equation (4.23) together with (4.21) and Θ−
2
3 = ϕ = f ′(R(ψ¯ψ, ρ)) constitute a set
of three relations involving the four variables τ¯ , ψ¯ψ, ρ e Θ. In principle, it is then
possible to express the last three variables as suitable functions of τ¯ alone, thus
obtaining from (4.17) a final quadratically integrable equation of the kind (4.22).
As a last remark, we note that equation (4.15a) has the nature of a constraint
on the initial data. As made in the Jordan frame, we have again to check that
such a constraint is satisfied for all time after the initial instant. In connection
with this, in Section 5 it is proved that the conservation laws (2.2) ensure that the
four-divergence (with respect to the Levi–Civita connection associated with the
conformal metric g¯ij) of the effective stress-energy tensor
Tij :=
1
ϕ
Σ˜Dij +
1
ϕ
ΣFij −
1
ϕ3
V (ϕ)g¯ij +
3
64ϕ3
(ψ¯γ5γ
τψ)(ψ¯γ5γτψ)g¯ij (4.24)
vanishes. Repeating the arguments developed in section 3, we can apply again
the Bruhat’s result [16] and thus verify that the Hamiltonian constraint (4.15a) is
preserved in time.
We now illustrate two explicit examples where the above procedure actually works:
Example 1: f(R) ≡ R4 model. To begin with, let us consider the model
f(R) = R4 coupled with a Dirac field (without perfect fluid for simplicity). In
such a case, the corresponding potential (2.8) assumes the form
V (ϕ) =
(
1
4
) 1
3 3
8
ϕ
7
3 (4.25)
with the scalar field (2.7) given by
ϕ = 4
(m
4
ψ¯ψ
) 3
4
(4.26)
Through equation (4.23) and the definition of Θ = ϕ−
3
2 , we get the relation
Θ = A
(
C
τ¯
)9
(4.27)
with
A =
[
4
(m
4
) 3
4
]12
(4.28)
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from which, using again (4.23), we have
3
2ϕ2
mψ¯ψ =
3m
32C8
(
m
4AC8
) 3
4
τ¯−4 (4.29)
and
− 6
ϕ3
V (ϕ) = −9
4
(
1
4
) 5
6 ( m
4AC8
)− 1
2
τ¯−4 (4.30)
Inserting equations (4.29) and (4.30) into (4.17) and choosing the constant C
sufficiently small, we obtain the final differential equation
¨¯τ = Bτ¯−3 (4.31)
with B > 0. The latter can be easily integrated as
τ¯ =
√
D(t+ E)2 +
B
D
(4.32)
where the constants D > 0 and E have to be determined consistently with equation
(4.15a). From equations (4.31) and (4.32) we have also τ¯2 ≥ BD . We see that, at
least in the Einstein frame, the model f(R) = R4 coupled with just one Dirac Field
gives rise to a universe with no initial singularity but undergoing a slow expansion
without isotropization.
Example 2: f(R) ≡ R+αR2 model. The second example we consider is given
by the model f(R) = R + αR2 with α < 0, still coupled with a Dirac field alone.
The associated potential (2.8) is now of the form
V (ϕ) =
1
8α
ϕ(ϕ− 1)2 (4.33)
while the scalar field (2.7) is
ϕ = 1− αmψ¯ψ (4.34)
From equation (4.23) and the definition of Θ we get the algebraic equation of third
order (for the unknown Θτ¯)
(τ¯Θ− αmC)3 − τ¯3Θ = 0 (4.35)
linking Θ to the volume-scale τ¯ . We recall that we are working under the assump-
tion ϕ > 0. We are then forced to require Θ > 0. In order to satisfy this condition,
we have to impose that equation (4.35) has three real solutions (indeed, if equa-
tion (4.35) had only one real solution, the latter would be negative as it is easily
seen solving (4.35) by a graph). The imposed requirement yields the condition
τ¯ ≥ 3
√
3
2 |α|mC which represents a lower bound for the volume-scale τ¯ . Therefore,
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again we can avoid initial singularity. Anyway, a solution remaining positive in
time is
Θτ¯ = αmC +
2
3
√
3τ¯ cos
(
1
3
φ
)
(4.36)
where
φ = arccos
(
3
2
√
3 |α|mC
τ¯
)
(4.37)
At this point, choosing parameters such that α = −12 and mC = 1 for simplicity,
and inserting equations (4.35) and (4.36) into (4.17), after some calculation we
end up with the final differential equation
¨¯τ =
√
3
4
cos
(
1
3
arccos
(
3
√
3
4τ¯
))
+
3
√
3
16
(
cos
(
1
3
arccos
(
3
√
3
4τ¯
)))−1
(4.38)
Equation (4.38) is quadratically integrable, but explicit calculations are not so
easy. We can then proceed to numerically plotting it. For instance, if initial
data τ¯(0) = 3
√
3
4 and ˙¯τ(0) = 1 are assigned, the corresponding behavior of the
volume-scale τ¯(t) during time is given by the graph in Figure 1 showing an (at
Figure 1: volume-scale τ¯ vs time t
least initially) accelerated expansion of the volume-scale τ¯ . Moreover, by plotting
the function τ¯t , it is seen that the volume-scale τ¯ in infinite of order n > 1. Due
to equation (4.16), this fact implies that the universe isotropizes at large t. Also,
we notice that at large t one has ϕ ≈ 1 and the Einstein and Jordan frames tend
to coincide.
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5 Conservation laws
We clarify the relationship between the conservation laws (2.2) and the Einstein-
like equations (2.15). More in particular, we show that the validity the conservation
laws (2.2) implies that the four-divergence of the Einstein-like equations (2.15),
with respect to the Levi–Civita connection, vanishes and vice-versa. Also, we
prove that the same result holds in the Einstein-frame, namely the four-divergence
of the conformally transformed Einstein-like equations (4.11), with respect to the
Levi–Civita connection associated with the conformal metric g¯ij = ϕgij , is zero.
To start with, for convenience of the reader, we rewrite equations (2.2)
∇iΣij + TiΣij − ΣihT jih − 1
2
ShiqR
hiqj = 0 (5.1a)
∇hSijh + ThSijh + Σij − Σji = 0 (5.1b)
where Σij denotes the sum of the stress-energy tensors of the Dirac field and the
perfect fluid. The curvature tensor can be decomposed in the form
Rhiqj = R˜
h
iqj + ∇˜jK hqi − ∇˜qK hji +K pji K hqp −K pqi K hjp (5.2)
where the contorsion tensor K hij is expressed as the sum [7, 11]
K hij = Kˆ
h
ij + Sˆ
h
ij (5.3)
with
Sˆ hij := −
1
2ϕ
S hij (5.4a)
Kˆ hij := −Tˆjδhi + Tˆpgphgij (5.4b)
Tˆj :=
1
2ϕ
∂ϕ
∂xj
(5.4c)
Taking equations (5.2), (5.3) and (5.4) into account, a direct calculation shows
that
−12ShiqRhiqj = −S iph SˆjipTˆ h − 12ϕ∇˜j
(
SˆqihSˆ
qih
)
−
−ϕ∇˜i
(
SˆhqiSˆjqh
)
+ ϕ∇˜i
(
Sˆhqi
)
Sˆjqh (5.5)
Moreover, making use of equations (2.12) and (2.13), it is easily seen that
∇iΣij + TiΣij − ΣihT jih = ∇˜iΣ(ij) + ∇˜iΣ[ij] −K jih Σ[ih] − T jihΣ[ih] (5.6)
In [11] it is proved that Σ(ij) = Σ˜(ij) − ϕSˆhipSˆjph and also that the conservation
laws (5.1b) amount to the identities 1ϕΣ
[ij] + ∇˜hSˆjih. From this and equations
(5.3) and (5.4) one gets
∇˜iΣ(ij) = ∇˜iΣ˜(ij) − ∇˜i
(
ϕSˆhipSˆjph
)
(5.7a)
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∇˜iΣ[ih] = −ϕi∇˜hSˆjih (5.7b)
−K jih Σ[ih] = −ϕTˆh∇˜qSˆhjq + ϕSˆ jih ∇˜qSˆhiq (5.7c)
− T jihΣ[ih] = ϕTˆi∇˜qSˆjiq − 2ϕSˆjih∇˜qSˆhiq (5.7d)
where for simplicity we have defined ϕi :=
∂ϕ
∂xi
. Inserting equations (5.5), (5.6)
and (5.7) into (5.1a), the latter reduce to
∇˜iΣ˜(ij) − 1
2
ϕ∇˜j
(
SˆhqpSˆ
hqp
)
= 0 (5.8)
At this point, we recall that equations (2.7) and (2.8) are equivalent to the relation
Σ− 6
ϕ
V (ϕ) + 2V ′(ϕ) = 0 (5.9)
(see [6] for the proof). After that, taking the trace of equation (2.15) as well as
the identity −12 SˆhqpSˆhqp = 364ϕ2 (ψ¯γ5γτψ)(ψ¯γ5γτψ) [11] into account, we get
Σ˜ = −ϕR˜− 3
2
1
ϕ
ϕiϕ
i + 3∇˜iϕi + 4
ϕ
V (ϕ) + 2ϕSˆhqpSˆ
hqp (5.10)
Substituting the identity Σ = Σ˜− ϕSˆhqpSˆhqp [11] and equation (5.10) in equation
(5.9), we obtain
R˜+
3
2
1
ϕ2
ϕiϕ
i − 3
ϕ
∇˜iϕi + 2
ϕ2
V (ϕ)− 2
ϕ
V ′(ϕ)− SˆhqpSˆhqp = 0 (5.11)
We rewrite equation (2.15) in the form
ϕR˜ij − ϕ
2
R˜gij = Σ˜(ij) +
1
ϕ
(
−3
2
ϕiϕj + ϕ∇˜jϕi + 3
4
ϕhϕ
hgij+
−ϕ∇˜hϕhgij − V (ϕ)gij
)
− 1
2
ϕSˆhqpSˆ
hqpgij
(5.12)
The covariant divergence of (5.12) yields
(∇˜jϕ)R˜ij + ϕ∇˜jG˜ij − 1
2
R˜∇˜iϕ = ∇˜jΣ˜(ij) +
(
∇˜j∇˜j∇˜i − ∇˜i∇˜j∇˜j
)
ϕ+
+∇˜j
[
1
ϕ
(
−3
2
ϕiϕj +
3
4
ϕhϕ
hgij − V (ϕ)gij
)]
− 1
2
∇˜i
(
ϕSˆhqpSˆ
hqp
) (5.13)
By definition, the Einstein and the Ricci tensors satisfy ∇˜jG˜ij = 0 and (∇˜jϕ)R˜ij =(
∇˜j∇˜j∇˜i − ∇˜i∇˜j∇˜j
)
ϕ. Then equation (5.13) reduces to
−12R˜∇˜iϕ = ∇˜jΣ˜(ij) + ∇˜j
[
1
ϕ
(−32ϕiϕj + 34ϕhϕhgij − V (ϕ)gij)]−
−12∇˜i
(
ϕSˆhqpSˆ
hqp
)
(5.14)
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Finally, making use of equation (5.10) it is easily seen that
− 1
2
R˜∇˜iϕ = ∇˜j
[
1
ϕ
(
−3
2
ϕiϕj +
3
4
ϕhϕ
hgij − V (ϕ)gij
)]
− 1
2
ϕiSˆhqpSˆ
hqp (5.15)
and then equations (5.13) amount to the equations ∇˜jΣ˜(ij)− 12ϕ∇˜i
(
SˆhqpSˆ
hqp
)
= 0,
clearly identical to (5.8).
Now, we denote by
Tij =
1
ϕ
Σ˜(ij) −
1
ϕ3
V (ϕ)g¯ij − 1
2ϕ
SˆhqpSˆ
hqpg¯ij (5.16)
the effective stress-energy tensor on the right hand side of equations (4.11). Indi-
cating by ∇¯i the covariant derivative associated with the conformal metric g¯ij =
ϕgij , we show that the condition ∇¯jTij = 0 is equivalent to the conservation laws
∇˜jΣ˜(ij) − 12ϕ∇˜i
(
SˆhqpSˆ
hqp
)
= 0. Recalling equations (4.2), we have
∇¯jTij = 1
ϕ
gsj∇¯sTij = 1
ϕ
gsj
[
∇˜sTij − 1
2ϕ
(
∂ϕ
∂xi
δqs +
∂ϕ
∂xs
δqi −
∂ϕ
∂xu
guqgsi
)
Tqj+
− 1
2ϕ
(
∂ϕ
∂xj
δqs +
∂ϕ
∂xs
δqj −
∂ϕ
∂xu
guqgsj
)
Tiq
]
(5.17)
We have separately
1
ϕ
gsj∇˜sTij = 1
ϕ
gsj∇˜s
(
1
ϕ
Σ˜(ij) −
1
ϕ2
V (ϕ)gij − 1
2
SˆhqpSˆ
hqpgij
)
=
1
ϕ2
∇˜jΣ˜(ij) −
1
ϕ3
∂ϕ
∂xs
Σ˜
s)
(i +−
1
ϕ
∇˜i
(
1
ϕ2
V (ϕ)
)
− 1
2ϕ
∇˜i
(
SˆhqpSˆ
hqp
) (5.18)
1
ϕ
gsj
1
2ϕ
(
∂ϕ
∂xi
δqs +
∂ϕ
∂xs
δqi −
∂ϕ
∂xu
guqgsi
)
Tqj =
=
1
ϕ
gsj
1
2ϕ
(
∂ϕ
∂xi
δqs +
∂ϕ
∂xs
δqi −
∂ϕ
∂xu
guqgsi
)
×
×
(
1
ϕ
Σ˜(qj) −
1
ϕ2
V (ϕ)gqj − 1
2
SˆhqpSˆ
hqpgqj
)
=
=
1
2ϕ3
gsj
(
∂ϕ
∂xi
Σ˜(sj) +
∂ϕ
∂xs
Σ˜(ij) −
∂ϕ
∂xu
gsiΣ˜
(u
j)
)
+
− 1
2ϕ4
gsj
(
∂ϕ
∂xi
V (ϕ)gsj +
∂ϕ
∂xs
V (ϕ)gij − ∂ϕ
∂xu
V (ϕ)δuj gsi
)
=
− 1
4ϕ2
gsj
(
∂ϕ
∂xi
SˆhqpSˆ
hqpgsj +
∂ϕ
∂xs
SˆhqpSˆ
hqpgij − ∂ϕ
∂xj
SˆhqpSˆ
hqpgsi
)
=
=
1
2ϕ3
∂ϕ
∂xi
Σ˜− 2
ϕ4
∂ϕ
∂xi
V (ϕ)− 1
ϕ2
∂ϕ
∂xi
SˆhqpSˆ
hqp
(5.19)
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and
1
ϕ
gsj
1
2ϕ
(
∂ϕ
∂xj
δqs +
∂ϕ
∂xs
δqj −
∂ϕ
∂xu
guqgsj
)
Tiq =
=
1
ϕ
gsj
1
2ϕ
(
∂ϕ
∂xj
δqs +
∂ϕ
∂xs
δqj −
∂ϕ
∂xu
guqgsj
)
×
×
(
1
ϕ
Σ˜(iq) −
1
ϕ2
V (ϕ)giq − 1
2
SˆhqpSˆ
hqpgiq
)
=
=
1
2ϕ3
gsj
(
∂ϕ
∂xj
Σ˜(is) +
∂ϕ
∂xs
Σ˜(ij) −
∂ϕ
∂xu
gsjΣ˜
(u
i)
)
+
− 1
2ϕ4
gsj
(
∂ϕ
∂xj
V (ϕ)gsi +
∂ϕ
∂xs
V (ϕ)gij − ∂ϕ
∂xu
V (ϕ)δui gsj
)
=
= − 1
4ϕ2
gsj
(
∂ϕ
∂xj
SˆhqpSˆ
hqpgis +
∂ϕ
∂xs
SˆhqpSˆ
hqpgij − ∂ϕ
∂xi
SˆhqpSˆ
hqpgsj
)
=
= − 1
ϕ3
∂ϕ
∂xs
Σ˜
s)
(i +
1
ϕ4
∂ϕ
∂xi
V (ϕ) +
1
2ϕ2
∂ϕ
∂xi
SˆhqpSˆ
hqp
(5.20)
Collecting equations (5.18), (5.19) and (5.20) and recalling that Σ = Σ˜−ϕSˆhqpSˆhqp,
we have then
∇¯jTij = 1
ϕ2
(
∇˜jΣ˜(ij) −
ϕ
2
∇˜iSˆhqpSˆhqp
)
+
ϕi
ϕ3
[
−1
2
Σ +
3
ϕ
V (ϕ)− V ′(ϕ)
]
=
=
1
ϕ2
(
∇˜jΣ˜(ij) −
ϕ
2
∇˜iSˆhqpSˆhqp
) (5.21)
because the identity −12Σ + 3ϕV (ϕ)−V ′(ϕ) = 0 holds identically, being equivalent
to the definition ϕ = f ′(F (Σ)) [6].
6 Conclusion
In the present paper we started from gravitational theories of the f(R) type in
which the Ricci scalar R contains torsion as well as the metric field, considering
them in the case in which the spacetime is filled with Dirac matter fields; we have
employed these models to study anisotropic cosmological models BI: with respect
to Einstein gravity, additional gravitational effects arise as a consequence of the
non-linearity of the f(R) function and the natural torsion-spin coupling, known to
induce centrifugal barriers [22]. These non-linear and repulsive centrifugal effects
may enforce one another, especially in the case anisotropies are considered; the
relationship between torsion and anisotropies of the spacetime has been widely
investigated in the literature, and recent accounts are for example those in [23, 24]).
An important issue that must be highlighted is the fact that, despite the anisotropic
background, the Einstein tensor is diagonal, while, because of the intrinsic features
of the spinor field, the energy tensor is not diagonal: in this circumstance the non-
diagonal part of the gravitational field equations results into the constraints (3.10)
22
characterizing the structure of the spacetime or the helicity of the spinor field or
both; in our understanding, the only physically meaningful situation is the one in
which two axes are equal and one spatial component of the axial vector torsion
does not vanish, giving rise to a universe that is spatially shaped as an ellipsoid of
rotation revolving about the only axis along which the spin density is not equal to
zero. It is also worth noticing that for the specific form of the Dirac field we have
chosen, although the Dirac field is massive, still we have the conservation of the
axial current; on the other hand it is widely known that quantum corrections might
produce additional terms for which the axial current is not conserved anymore, if
the Dirac field is charged or if additional terms in the dynamics are introduced,
and then it would be interesting to see what are the effects that constraints such
as (3.10) have on these partially conserved axial currents. However because in the
present paper we do not deal with quantum corrections, nor with charged fields or
extensions in the electrodynamics, addressing this issue would bring us far from
the main aim of this work, and we refer the reader to [18] and references therein
for a discussion on this subject.
The field equations have been worked out in both the Jordan and the Einstein
frames, showing that the procedure to get solutions proposed in [13, 15] applies
also here, independently of the given function f(R). In particular, in the Einstein
frame the Einstein-like equations result in general to be quadratically integrable.
As it may have been expected, these models are intrinsically quite difficult to study
in general; we have focused on some specific examples for which the field equations
are considerably simplified: we have studied the model f(R) = R4, where exact
analytic solutions are found, although this model does not reproduce the physical
content we expect; we have further studied the model f(R) = R+ αR2, for which
exact analytic solutions are very difficult to obtain; therefore, in this case, we
have first worked in the Jordan frame, finding solutions that are analytic but
approximated to the first order of α, and then we have moved in the Einstein
frame, employing numerical methods. In the case f(R) = R4, we have found that
the universe does not display isotropization, as it should, and there is no correct
Einstein limit; in the f(R) = R+αR2 case, we have found that the results obtained
in the two frames coincide, and they yield Einsteinization and isotropization, that
is as the cosmic time goes by both the non-linearities of the f(R) function and the
anisotropies of the background tend to vanish. In both models however, no initial
singularity for the volume of the universe has been found at all.
Finally, we have proved that the proposed method for solving the field equations is
consistent with the assignment of initial data, clarifying the role of the previously
stated general conservation laws [11] in preserving the Hamiltonian constraint.
To summarize, we have found here three types of results: first of all, from the point
of view of the behaviour of the universe, our results may help to solve one of the
major conceptual problems of f(R) theories related to the arbitrariness of the f(R)
function; indeed, as we have shown, a given f(R) may either give rise to physics
with no good behaviour or yield physics with good behaviour; thus although there
is no theoretical reason to prefer a particular form for the f(R) function instead of
23
another, nevertheless there are phenomenological set-ups in which selection rules
discriminating physical f(R) function from infeasible ones may be established.
Secondly, universes that have finite initial volume are possible, and therefore the
gravitational singularity problem receives new fuel from the present discussion.
Finally, the initial values problem is shown to be well formulated.
The general outlook emerging from our study encourages to pursue the study of
torsional f(R) models, since their field equations and conservation laws are well
defined and consistent with the assignment of initial data, while the presence of
torsion can remove the singularity problem, and there are hopes that a possible
specific f(R) may be selected which will be able to describe what is missing in the
evolution of the universe as we know it.
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